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Background

Compact real analytic manifold (M, g) of dimension n > 2.
Eigenfunctions:

—Aej(x) = Nej(x /\ejy2dv—1

Give fundamental modes of vibration: u;(t, x) = cos t); ej(x).
Know

n—1
lejlloe(my < CA; 2

Question: When can you improve this estimate for eigenfunctions (or,
more generally, quasi-modes)?

Since u;j(t, x) provide high-frequency solutions of wave equations,
(0? — A)u; = 0, expect answer to depend on long-term dynamics of
geodesic flow (known to be linked to propagation of singularities for

0?2 — A
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Terminology to be used

Say that ||ej|| oo (m) = O()\J-T), if, as above

n—1
lejll ooy < CA;2

n—1
We are interested in when we have improvements, ||&j[1m) = o(A;? ),

meaning that
n—1
2

lim sup >\j_ I€jl oo (my = O.
)\j*)OO
n—1

If we cannot do this, we say that ||ej|| (my = Q();? ), meaning that

n—

1
> |lejll oo (ns) > 0.

limsup A,
J
/\j—>OO
n—1
(We'll have to capture Q()\j 2 ) sup-norm behavior using quasi-modes,
though, in which case we'll also be able to use liminf over natural
sequence i of “frequencies” arising from the geometry)
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Loops through a point

Let ®:(x, &) = (x(t),£(t)), with (x(0),£(0)) = (x,£) € 5¢M, denote
unit-speed geodesic flow in cosphere bundle. Thus, v = {x(t)} is geodesic
in M starting at x.

Let

Ly ={§ € S,M: ®:(x0,8) = (x0,(t)), some ¢ > 0}

denote initial directions of loops through xg.

#H01=3ti) o)
1) . #l0)=pll)
m
m
#N
Fig. 76.1. A nonsimple nonclosed Fig 7.62. A nonsimple closed geodesic Fig. 7.6.3. A simple nonclosed geodesic Fig 7.64. A simply closed geodesic
geodesic loop issuing from m issuing from m loop issuing from m issuing from

Figures from A. Besse, Manifolds all of whose geodesics are closed
(Springer, 1978).
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Why real analytic?

In the real analytic case, can show that the set of looping directions
satisfies either
|Lx| =0

or
Ly, = Sx,M

AND there is an £ > 0 so that ®y(xp,&) = (x0,7(&)).
(i.e., all geodesics starting at xg loop back in time /).

Say that xp a self-focal point [sfp] in second case
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A Few Examples

T", then |Ly| = 0 for all x. (No spf’s)
5", have ®y.(x, &) = (x,&), i.e., periodic flow (Everything a sfp)
@ Surfaces of revolution. Periodic at poles

2

5

y

Fig. 03 0

Triaxial ellipsoid: :—i + {)—i + ié =1,0<a<b<c<1l. Loopsof
equal length thru 4 umbilic points

atter ha
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Dissipative self-focal points xg € M

If xo is a spf, there's a minimum £ > 0 (first return time) so that
®4(x0,8) = (x0,1(£)) V€ € SHM.
Call

n: SeM— Sy M first return map

Defines unitary operator (Perron-Frobenius operator)
U= Uy : L2(S5M) — [2(S5, M)

f— Uf(&) = f(n(€))vJ(E), J = Jacobian.
Define: sfp xg € M dissipative if U has no invariant L?-functions, i.e.,

0+ f € L2 with Uf = f.
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Calc Il facts

U is unitary since

[t = [irarae) = [ 12

Integrals taken over S;M with respect to Liouville measure (restriction of
d{dx measure)

Also, if 1=1 then U1 =/J(&), and since (f,g) = [ g, have
[ VI© =y

Similarly, by chain rule, if n” =nomno---on (v-times) and if J¥ is the

Jacobian
/\/J”(f) = (U1, 1).

Chris Sogge Focal points and sup-norms of eigenfunctions| 8 /23



von Neumann Ergodic Theorem and self-focal points

Assume x is a self-focal point.
Thenif 1=10n S}M and n” =nono---on (v-times), if JV(£) is
Jacobian and dp is Liouville measure on S; M, by von Neumann, as
T — o0,

T2 oy V@O = (T3, 071, 1 = (111, 1,

where IT : L2(S; M) — L?(S:M) is projection onto U-invariant functions.
Conclude (as U > 0)

_1 u 0, if x dissipative
Ty (&) d(€) —
v=1 SimMm

cx > 0, if x not dissipative
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Necessary and sufficient conditions for improved sup-norms

Define projection onto d-bands of spectrum (0 < § < 1) by

Xpoaraf = > Ef,
AEMAF]

where Ejf(x) = (f, ej) ej(x) is proj onto j-th eigenspace.

Know [Ixpoat 1yl 2(my— oo (my = O()\%l). Local estimate—always sharp.
Only possible improvements if use shrinking bands of intervals (i.e.,
0 =0(A)\y0as A — o0).

n—1
Problem: HX[,\,AJro(l)]HLMLoo =o(A72)7

Means: Ve > 0, 3d(¢) > 0 and A, < oo so that

n—1
IXpoarsEnflloo <Xz (fll, A=A (1)
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Main result

Theorem

Have improved sup-norm bounds, (1), if and only if every self-focal point
is dissipative.

As we'll see there's an equivalent, but more natural formulation, when
n=2.

Since X[\ a+516 = € if Aj € [\, A+ 6], conclude that we have the following

result for eigenfunctions:

Corollary

If all self-focal points are dissipative then

n—1
ljlloc = 0()‘] 2).
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Some earlier results

@ S-Zelditch (2002) Have (1) if |£x| = 0 for all x € M.

o S-Toth Zelditch (2011). Same if [Ry| = 0, where R, C S;M denotes
the set of recurrent directions for the flow. Specifically initial unit
directions ¢ such that, given € > 0, there is a ty so that
&y (x, &) € SEM (loops back) and |®4(x,&) — (x,€)| < e.

e Note that if Cx C S5 M is the set of initial directions for periodic
geodesics (i.e. smoothly closed loops) through x, then have

Cx CRx CLxandso |Ly| =0 = |Ry|=0 = |Cx| =0.

@ By the Poincaré recurrence theorem if x is a sfp and |R«| = 0 then
the Perron-Frobenius operator U, cannot have 0 # f € L%(S; M) with
U.f = f. For then |f|>dyu a finite invariant measure in the class of
dy. Whence, by Poincaré, a.e. point with respect to |f|>du would be
recurrent and so |Ry«| > 0.
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Some earlier results, continued
Recall Weyl formula: N(A) = cy A" + O(A"71), if N(A) = #); < .
@ By the Duistermaat-Guillemin Theorem (1975), if the set C C S*M of

all periodic points for the geodesic flow is of measure zero, then the
error term in the Weyl formula is o(A""1).

e For many years thought that |C«| = 0 for all x € M, should be
sufficient for the o(/\"T_l) sup-norm bounds (1). Wrong (?)

@ On the other hand, as we'll see below, if there is a non-dissipative sfp
Xp € M then the recipe for producing quasi-modes that are large there
is related to another theorem in D-G ('75).
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Equivalent quasi-mode formulation of Main Theorem

Functions ¢, € C°°(M) are quasi-modes of order o(\) (“fat
quasi-modes") if

/M 63, 2dV =1 and (A +22)éx]l2 = o(M). )

(N.B. as [\2 — )\12| = |Ak — Aj| - (Ak + Aj) measures L2-concentration in
o(1)-sized intervals)

Corollary
Have -
[Dxclloo = 0(A,* )

for every sequence Ay — oo if and only if every self-focal point is
dissipative.
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Q(\"2") bounds at a non-dissipative sfp xo € M

If xo is a non-dissipative sfp, let
27
MkZT(k+5/4)7 k=1,2,..., (3)

where 3 is number of conjugate points (w/ multiplicity) along a unit speed
geodesic {y(t) : 0 < t < £}, where £ is first return time and

7(0) =4(£) = xo
Then if Ty — oo (slow enough) the “coherent state” at xp

Aj)) ei(x0)ei(y)

¢Nk

n—1
satisfies (2), and has ¢, (x0) ~ 1, , assuming that

0<peS) has p(t)>1, |t| <1, p>0, and supp p C [-1,1].
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Related earlier result of Duistermaat-Guillemin (1975) and
Weinstein (1977)

Theorem (Duistermaat-Guillemin/Weinstein)

If geodesic flow on M is periodic with minimal period £ > 0 and py as in
(3) and intervals Iy are given by

le = [ — Ck™ 2, e + Ck71],

with C > 1 sufficiently large but fixed, then

Spectrum \/—Ag C U/k‘
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Ideas in our proofs

Want to show that if all sfp’s are dissipative then, given ¢ > 0, if T(g),
A(e) large

n—1
IXparT-1@ )l 2o SeEXZ, A > NA(e),
or this cannot happen if there are non-dissipative sftp’s.
Concentrate for now on former. By orthogonality,
2 2
Ixpos @il = > (g(0)%
XEM A EDAHT1(e)]
and so task is equivalent to showing that

ST (g())* <A a1 (4)
NEMNA+T ()]

By earlier results of S-Zelditch, know have uniform such bounds near any
point xo € M with |L,,| = 0. So need same near given dissipative sfp.
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o-bounds near dissipative self-focal point x; € M
Use above bump function 0 < p € S satisfying p(t) > 1, t € [-1,1] and
supp p C [-1,1] and p > 0. Have

o0

ST (g0 <Y AT - A (g(x)?2 T =T(e),

NEMAT1(e)] j=0

and so would have (4) near our diss sfp xp if could show there that

> AT = A)) () < 2! )
Jj=0
Use
S AT AN () = 527 [ i (0T Sl ) o
j=0

:LT/ p(t)T)e™ _’tr)(x x) dt
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FIOs and propagation of singularities
Near any top (mod C*°) can write exp(—itv/—A)(x, y) as finite sum
Jj=1,...,N(t) of terms

(271_)”/ eiSJ-(t,y,ﬁ)*"X'gaj(t,X,}Gf) dé_’

where

ae SO a(ty,x,x, &)= e*’-”ﬁ”ﬁ\/JV(f), vELZ,

0:Sj = p(y, V«S))
Factors i~"? called Maslov factors

Our assumptions imply that exp(—itv/—A)(y, y) is smooth if y close to
sfp x and t € supp p(-/T) is not close to

{fv:v=0,£1,£2,...}N[-T,T]
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Punch line via stationary phase

Using above facts write £ = rw, w € S;M and use stationary phase in t,r
variables.  Miracle: Modulo lower order terms in A, LHS of (5) is

S ATO= A ()
_ )\,,_1 Z (eiZuAe—iuﬁﬂ/Z)ﬁ(&//T) (% \/mdﬂ(w)) (6)

W<T %M
If x = xo dissipative sfp then (mod l.0.t.’s) this is

< AT (wrLy,

lv|<T

and coefficient is small if T large by the von Neumann ergodic Theorem

If x non-diss sfp and A = yi, as in (3) then blue factor in (6) is one and
p>0. Thus, if 0 < cg = lim7_y0o T ¢ > <7 (U1 1), the LHS of (6)
~ couz_l for every fixed T > 1if A > 1
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More clarity in 2-dimensions

Using the time-reversibility of geodesic flow and elementary facts about
circle maps and dynamics, see that when n = 2 if there is a non-dissipative

self-focal point x € M then the first return map n : S;M — S;M must
satisfy

n on = Ildentity
Thus, if £ is the first return time for the flow at x either all geodesics
emanating there are periodic with period ¢ or 2¢. Therefore, we have:
Theorem
If (M, g) is a 2-dimensional Riemannian manifold then

o oo = o()\i"_l)/z) for every sequence A\ — oo of frequencies and
corresponding quasimodes of order o() if and only if there is no point
through which the geodesic flow is periodic.
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Remarks and questions

Did not use real analyticity in essential way. For instance, get

n—1

Q(p,? )-sized quasi-modes at any x € M if all geodesics through x loop
back at some time £ > 0, and 3f € L2, Uf =f, f #0
n—1

As in the real analytic case above, the q.m.’s satisfy ¢, (x) = Q(p,? ) and

/M 2V =1 and (A +2) 2 = olie).

Question: Can you reach a stronger conclusion by replacing the red
term by O(1)? (More traditional definition of g.m.’s.)

If the Perron-Frobenius operator Uf (&) = /J(&) f(n(€)) had a smooth
invariant function, would be able to solve a transport equation and do this.

By above, can do this when n = 2. (Either f =1 or f = U1 works.)

When n > 3, the conclusion or assumption just concerns L2-invariant
functions (used to obtain o-bounds via von Neumann when all sfp’s diss).
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Remarks and questions, continued

@ By interpolation with CS '88 LP estimates: Know that if all sfp’s are
dissipative then every quasi-mode as in (2) must satisfy

1 2 1

1_1y_1
[éxll oy = o(A"Z77)72), p— (7)

2(n+1) 2
—

@ Can show that all sfp’s belng dissipative is a necessary condition for

@ What about endpoint p =

2(n+1
(7) when p = (n 1).
@ Much recent work (Bourgain, CS, CS-Zelditch, Blair-CS) on obtaining

improved LP estimates when 2 < p < 2("+1) Relevant thing for this

range: concentration along periodic geodes:cs (as opposed to
concentration at points).

Chris Sogge Focal points and sup-norms of eigenfunctions| 23 /23



